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1. PRELIMINARIES 
DEFINITION. A subgroup of a group G is said to be semi-normal in G, 
if there exists a subgroup B of G, such that AB = G and for each proper 
subgroup B, of B, we have AB, $ G. In this case, the B is called a 
S-supplement of A in G. The set of all S-supplements of A in G is denoted 
by S,(A). Obviously, every normal subgroup of G is semi-normal. 
The following properties in semi-normal subgroup, which are known, are 
necessary: 
PROPOSITION 1. If A is semi-normal in G, then for each x in G, A” is also 
semi-normal and S&A”) = S,(A). Moreover, lf BE S,(A), then for each y 
in G, we haue BY E S,(A). (cf [ 1, Theorem 11). 
PROPOSITION 2. Let A be semi-normal in G, then 
(i) If A < H < G, then A is semi-normal in H; 
(ii) Zf N 9 G such that N d A, th en A/N is semi-normal in G/N and, 
if B E S,(A), then BN/N E S,,,(A/N); 
(iii) If N _a G, then AN is semi-normal in G; 
(iv) If N 9 G, then AN/N is semi-normal in GIN; in particular, A’ is 
semi-normal in G’, where 8 E End G (cf: [ 1, Theorem 21). 
PROPOSITION 3. Let M be a maximal subgroup of G, then M is semi- 
normal in G iff the index of M in G is a prime (cf [ 1, Theorem 31). 
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PROPOSITION 4. Let P be a Sylow subgroup of G and let P be semi- 
normal in G; then, for every subgroup in So(P), it is a p’-Hall subgroup of 
G. In particular, under these conditions, there exists a p’-Hall subgroup in G 
(cf [l, Lemma 11). 
PROPOSTION 5. Let P be a p-subgroup of G and let P be semi-normal in 
G, then P is commutative with each q-subgroup Q of G, where, p #q, are two 
different primes (cf [ 1, Lemma 21). 
PROPOSITION 6. If any Sylow subgroup of G is semi-normal in G and if 
IGI = p:l .p’;’ ...p?. Put S,, is a p,-Sylow subgroup, then Sr,, ... Sr,+ is semi- 
normal in G, where pi, # pik when ii # i,. 
Proof It is enough to prove that S,, f S,,, ..’ SPT is semi-normal in G. As 
a matter of act, let A=Sr,;S,;.~St,, B=Sp,+,...SPn, then A<G and 
G = AB. For each B, < B, we have that B, is a (pl, p2, . . . . p,)‘-subgroup 
and SPs is commutative with each pi-subgroup. Since S,$ is semi-normal, 
then SPs. B, is a subgroup of G. Similarly, we have that SPs-, . B, is also a 
subgroup of G and so on; thus S,, ‘. . SP3. B, is a subgroup of G and 
IAB,I = IAB,IIIA n B,I = JAI PII< IGI. 
Therefore, AB, < G and A is semi-normal in G. 
PROPOSITION 7. If any p-Sylow subgroup is commutative with any 
q-Sylow subgroup, where p # q are different primes and let M be maximal 
in G, then [G:M] =rs, where r is a prime. If, moreover, any maximal 
subgroup of any p-Sylow subgroup of G is commutative with any q-Sylow 
subgroup of G, then [G : M] = r, where p # q, p, q, and r are all primes. 
Proof We shall now prove the first conclusion. Clearly, by the condi- 
tions, G is a solvable group. Suppose that N is a minimal normal subgroup, 
then N is an elementary abelian p-group (p is a prime). Let M be a maxi- 
mal subgroup of G, if N X M, then G= MN and lGI = IMJ JNl/IMn N(, 
so lGl/lMl = p’. If N< 44, then [G/N1 < ICI, G/N satisfies the given condi- 
tions. So applying induction on lG/, we have IG/N : M/N1 = I G : Ml = rs 
(where r is a prime). 
Next, we shall prove the second result. It is obvious by the previous 
proof that IG : MI = P, so every Sylow subgroup of M, in addition to the 
r-Sylow subgroup, is also a Sylow subgroup of G and, by the commutative 
condition of different Sylow subgroups, we can suppose that 
M, = Mr, . . . Mpz, 
where, Mp, is a pi-Sylow subgroup of M (i = 1, 2, . . . . t). So there exists a 
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Sylow subgroup S, $ A4 in G such that M, < S,, and M, is a maximal 
subgroup, so M, is maximal in S,. Otherwise, if K is maximal in S,. such 
that M, s K, then MIK $ G. But JM,KI = IMi(. lKl < IG( (because 
M, n K= 1) and M, K> M; this contradicts that A4 is maximal in G. Thus, 
we can assume that G = MS, and then IG : MI = r. 
2. SOME THEOREMS 
THEOREM 1. Let IG( =p’;l.pp...pl;‘, pI<pz< ... <ps, S,,IIG, be a 
pi-Sylow subgroup of G, i= 1,2, . . . . s - 1, and let the p,-Sylow subgroup be 
semi-normal in G. Then G is nilpotent. 
Proof First, we shall prove the following. 
LEMMA 1. If any Sylow subgroup of G is semi-normal in G, then G is 
supersolvable. 
In fact, it is clear by Proposition 6 and 7. 
Now, we shall prove Theorem 1. It follows by the first condition that G 
is supersolvable and ps is the maximal prime factor of ICI. So Sps g G, 
where S,* is a p,-Sylow subgroup of G and S,, , . . . . S,-, a G. It is immediate 
that the group G is nilpotent. 
THEOREM 2. If any cyclic subgroup of Sylow subgroup of G is semi- 
normal in G and if any minimal subgroup of G is contained in the center of 
G, then G is nilpotent. 
Proof. Let G be a counterexample with the minimal order, which 
satisfies the assumed conditions. Because every Sylow subgroup of each 
proper subgroup of G is contained in a Sylow subgroup of G. Using 
Proposition 2(i) we know that every cyclic subgroup of each Sylow sub- 
group of each proper subgroup of G is semi-normal in this subgroup. It is 
immediate that every minimal subgroup of each proper subgroup of G is 
contained in the center of this proper subgroup; thus it is nilpotent, i.e., 
each proper subgrup of G is nilpotent. So G satisfies the following proper- 
ties (cf. 2, 9.1.9, p. 251): 
(i) (Cl = p”q”, where (p, q) = 1, and p, q are primes; 
(ii) G = QP, where Q = (x), Pa G and Q, P are q-Sylow and 
p-Sylow subgrups, respectively. 
Since Q is cyclic, so Q is semi-normal in G. If P is not cyclic, i.e., for each 
XE P, we have (x) $ P. Let H== Q(x), then H< G and H satisfies the 
theorem’s conditions. Thus, H is nilpotent and [x, Q] = 1, i.e., [P, Q] = 1. 
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Therefore G is nilpotent. This is a contradiction. So we can assume that 
P= (x), o(x) = p”. 
If n = 1, then according to the nilpotency condition of G, we obtained a 
contradiction. Thus n > 1 and it follows by [2, 10.1.6, p. 2791 that P = 
C,(G) x [P, G]. On the other hand, P is a cyclic p-group, C,(G) and 
[P, G] are subgroups of P and C,(G) n [P, G] = 1. Thus C,(G) = 1 or 
[P, G] = 1. By the given conditions, we have that C,(G) # 1. So [P, G] = 1 
and G is nilpotent. It is a contradiction and we complete the proof. 
COROLLARY 1. I’, any subgroup of any Sylow subgroup is semi-normal in 
G and if any minimal subgroup of G is contained in the center of G, then G 
is nilpotent. 
COROLLARY 2. If any subgroup is semi-normal in G and if any minimal 
subgroup of G is contained in the center of G, then G is nilpotent. 
Remark. In Theorem 2, if we drop the first condition, then G is not 
always nilpotent and, moreover, G is not always supersolvable. 
EXAMPLE. Let o(a) = q, H be the quaternion group, and let 
i"=j, ja=k,ka=i; 
then, G = (a) K H and we can prove that there are only two minimal 
groups; i.e., ( - 1) and (a’) in G, and they are all contained in the 
center of G. In fact, according to the given conditions, we have i”‘= i, 
jo3=j, so (a’)<[(G) and (i’)“=(i”)*=j*= -1; i.e., (-l)“= -1, thus 
(-l)Gi(G). 
Now, we shall consider these subgroups (a”?): 1 < m d 8. 
1. If m = 3, 6, then (a’?)” = a4m = 1, thus (a”?) is not minimal. 
2. If m = 1, then ai.ai=a*.i”.i=a*(-k), and a*(-k).ai= 
a3( - k)” i = a3, so (ai) is not minimal; 
3. If m = 2, it is clear by (azi)3 = -a6 that (a3) d (a*i) and (a2i) is 
not minimal. 
Similarly, for the cases that m =4, 5, 7, 8 and the cases that (amj), 
(a”k), we can prove that these cannot be minimal in G. This shows that 
( - 1) and (a’) are only minimal subgroups of G and contained in the 
center. 
It is easy to prove that G is not nilpotent. As a matter of fact, we can 
prove that G is not supersolvable. Suppose next that G is supersolvable. 
Since G = 3* .23, then (a) 9 G. But a’=aj-‘i=akC (a), this is a 
contradiction. 
SUFFICIENT CONDITIONS OF A NILPOTENT GROUP 293 
A finite group G is called a PN-group in case that each minimal sub- 
group of G is normal in G. Gaschutz and Iro [3, Theorem IV, p. 5.71 
proved that the derived group of a PN-group is a p-nilpotent group, where 
p is a prime. Moreover, Buckley proved that a PN-group, whose order is 
odd, is supersolvable (cf. [4]). On the other hand, Woall gave an example 
which stated that an even order PN-group is not always supersolvable. But 
the example given by Woall is very lengthy and tedious, the foregoing 
simple example also stated Woall’s result. 
THEOREM 3. Let M be a maximal and nilpotent of G. If M and its 
subgroups are all semi-normal in G and every minimal subgroup of G is 
contained in the center of G, then G is nilpotent. 
Proof. Clearly, G = M(x), where o(X) = p’, IG : MI = p, and 
(x”) GM. 
1. If Mn (x) = 1, then o(x) = p and (x) 6 (G). Since M is nilpotent, 
G is nilpotent. 
2. If Mn (x) # 1, obviously G is nilpotent if M= Sp (p-group) and 
we can suppose that M = S,, x S,, x . . ’ x S,$ x Sb. By the given conditions, 
we know that SpZ is semi-normal in G, we obtain immediately that 
G = Spr . B. Using Proposition 1, we can suppose that S,, which is a 
P-Sylow subgroup of G, is contained in B and (x) < S,. Let K= Spr (x). 
(i) If G = S,, (x) and S, is not cyclic, i.e., Vy E S,, we have 
( y ) $; S,,, by the conditions, ( y ) is semi-normal in G, so G = ( y ) B. 
Moreover, using Proposition 1, we can assume that (x) <B; thus 
( y)(x) is a proper subgroup of G and ( y ) ( xp ) < M is maximal in 
(y)(x). It is clear from Proposition 2(i) that every subgroup (including 
(y)(x”) itself) of (y)(xP) is semi-normal in (y)(x). And since each 
minimal subgroup of (y)(x) is contained in the center of this group, it 
follows by induction that (y)(x) is nilpotent. So [y, x] = 1, [S,,, x] = 1; 
thus G is nilpotent and it is a contradiction. 
(ii) If G= Sp8(x) and S,, = (y), i.e., G= (y)(x), then we can 
assume that pI > p. It follows by [6] that G is supersolvable and S,, d G, 
so G=N,(S,&) by [2, Theorem 10, 1.6, p. 2791. We see that S,, = 
C, (G) x [S,,, G] and, by the condition that every minimal subgroup of 
S,, ‘is cyclic, so [S,,, G] = 1. Then [S,,, (x)] = 1 and G is nilpotent, also 
a contradiction. 
(iii) It follows by the foregoing proof that K = S,,(x) is a proper 
subgroup of G. Suppose Sp,(xp) is a maximal subgroup of K; we also 
have by Proposition 2(i) that Sp,(xp) is semi-normal in K. In fact, 
since S, (xp) (x) = K and for any proper subgroup T: S,, (x”) T= 
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S,, . (XP) < K, so each minimal subgroup of K is also minimal in G and 
contained in i(K). But S,, ( xp ) < M; thus each subgroup of S, (xJ’ ) is 
also a subgroup of M and it is semi-normal in K. So K satisfies the assump- 
tion conditions. Thus K is nilpotent by induction on 1 GI and [S,, x] = 1, 
i = 1, 2, . ..) s. Moreover, S, = S;(x) is a p-Sylow subgroup of G. So 
[S,, S,!] = 1, i= 1, 2, . . . . s. Thus G is nilpotent. 
THEOREM 4. Let N A G and let N and G/N be nilpotent. If any minimal 
subgroup of N is contained in the center of G and every cyclic subgroup of 
each Sylow subgroup of G is semi-normal in G, then G is nilpotent. 
Proof: If G is a counterexample with the minimal order and M is a 
maximal subgroup of G, then MN/N z M/(Mn N); thus M/Mn N and 
Mn N are all nilpotent. Obviously, each minimal subgroup of Mn N is 
contained in c(M) and each Sylow subgroup of A4 is contained in some 
Sylow subgroup of G. So by Proposition 2(i) every cyclic subgroup of each 
Sylow subgroup of A4 is semi-normal in A4 and then A4 is nilpotent. It 
follows by [2, 9.1.9, p. 2511 that G = QP, where, Q and P are q-Sylow and 
p-Sylow subgroups of G, respectively. 
1. If P is not a cyclic subgroup, we see by the condition that Q is 
semi-normal, that Q(y) < G, for each y E P; thus Q(y) is nilpotent and 
[Q, y] = 1. Therefore, [Q, P] = 1 and G is nilpotent, a contradiction. 
2. By the foregoing proof, we can assume that P is cyclic: P = ( y). 
(i) If N = (x1 ), 0(x,) = q’, then by the condition N_a G we have 
N < Q. Since G/N is nilpotent, Q/N 5 GfN and Q _a G; thus G is nilpotent, 
a contradiction. 
(ii) Let N= (y,), o(y,)=p’. If N=P= (y), then, by [2, 10.1.6, 
p. 2971, N= P= C,(G) x [P, G], since each minimal subgroup of N (i.e., 
P) is contained in the center of G. C,(G) # 1 and because P is a p-cyclic 
subgroup, [P, G] = 1. Therefore G is nilpotent, a contradiction. 
If N < P, it follows, by the nilpotency of G/N and the fact that QN/N is 
a q-Sylow subgroup of G/N, that QN d G. On the other hand, QN s G, 
so QN is nilpotent. Since Q (14 QN, thus Q 4 G and G is nilpotent, a 
contradiction. 
(iii) Let N= (x,)(yi), o(xl)=qr, o(y,)=p’. It follows, by the 
nilpotency of N, that (x1 ) 44 N and thus (x, ) Q G. So we obtain that 
G/(x,)fNj(x,) gG/N is nilpotent and each minimal subgroup of 
N/(x,) = (xl)(yl)/(xl) is also a minimal subgroup of (ji) and each 
minisubgroup of (y,) is also a minimal subgroup of N. Thus it is’ 
contained in c(G) and each minimal subgroup of N/(x,) is contained in 
[(G/(x,)). It follows by Proposition 2(iv) that each cyclic subgroup of 
each Sylow subgroup of G/(x, ) is semi-normal in G/(x, ), since 
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IG/(xi>l< IGl. So G/(x,) is nilpotent and Q/(xl)~G/(x,); thus 
Q g G and G is nilpotent, a contradiction. This establishes the result of this 
theorem. 
THEOREM 5. Let N g G and let N and G/N be nilpotent. If any minimal 
subgroup of N is contained in c(G) and any subgroup of each Sylow subgroup 
of N is semi-normal in G, then G is nilpotent. 
Proof Let G be a counterexample of the minimal order. If follows by 
Proposition 2(i), that each maximal subgroup of G is nilpotent, thus 
G = QP, where Q and P satisfy the same conditions as in Theorem 4. 
(i) If N < Q, we can obtain a contradiction similar to the proof of 
Theomre 4, 2(i). 
(ii) If N z$ P, consider the nilpotency of G/N and that QN/N is a 
q-Sylow subgroup of G/N. We see that QN 9 G, since QN < G; thus QN is 
nilpotent. So Q aa QN and thus Q a G; therefore G is nilpotent, a 
contradiction. 
(iii) If N = P and P is not a cyclic subgroup, then for each y E P, we 
have ( y ) < P and G = ( y ) B. We now shall assume, by Proposition 1, 
that Q<B. So (y)Q is a proper subgroup of G: (y)Q & G and (y)Q 
is nilpotent. Thus [(y), Q] = 1 and [Q, P] = 1; therefore, G is nilpotent. 
This is a contradiction. Therefore, N = P = ( y ) and we can prove 
immediately, using Theorem 4, 2(ii), that G is a nilpotent group. This 
contradicts the foregoing assumption. 
(iv) If N= Q,P, and Qi = (x,) and we let Qi < Q, since N is 
nilpotent, then Q, aa N and then Q, a G. Thus, G/Q, /N/Q1 E G/N is 
nilpotent. Moreover, every minimal subgroup of N/Q1 is contained in the 
center of G/Q1 and each Sylow subgroup of N/Q, is semi-normal in G/Q1 
and 1 G/Q1 I < I G/. Thus G/Q1 is nilpotent; therefore Q/Q, I! G/Q1 , Q d G, 
and then G is nilpotent. This is a contradiction. This completes the proof 
of Theorem 5. 
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